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In this paper, ﬁnite element simulations of spherical indentation of a thin hard ﬁlm deposited on a soft substrate are
carried out. The primary objective of this work is to understand the operative mode of deformation of the ﬁlm corre-
sponding to various stages of indentation. The transition from contact dominant behaviour to that governed by ﬂexure
of the ﬁlm on the plastically yielding substrate is investigated from analysis of the load versus displacement curve as well
as the stress distribution in the ﬁlm. It is found that onset of bending deformation in the ﬁlm occurs when the contact
radius is about 0.2–0.3 of the ﬁlm thickness. Further, distinct membrane stresses arise in the ﬁlm for indentation depth
greater than half the ﬁlm thickness. The implications of these results on indentation fracture of the ﬁlm are brieﬂy dis-
cussed. Finally, the eﬀects of substrate yield strength and presence of residual stresses on the indentation response are
examined.
 2005 Elsevier Ltd. All rights reserved.
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In recent years, hard surface coatings of micrometric thickness are being extensively employed to protect
soft substrates from the operating environment. However, the use of these coatings to enhance the perfor-
mance of engineering components is usually accompanied by the risk of their failure due to brittle fracture
in response to mechanical loads such as those arising due to contact (Weppelmann and Swain, 1996; Lee
et al., 1998). Hence, it is imperative to understand the behaviour of ﬁlm–substrate systems under these sit-
uations in order to improve their design and ensure the integrity of the ﬁlm during service. A related issue is0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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hardness and fracture toughness, which is complicated owing to the small thickness of the ﬁlm. In this con-
text, depth sensing indentation has developed into a useful experimental technique not only to determine
the mechanical properties (Oliver and Pharr, 1992) but also to understand the fracture behaviour of
ﬁlm–substrate systems when subjected to contact tractions (Lee et al., 1998).
Among various possible indenter geometries, spherical indenters are most suitable for ascertaining the
mechanical properties of materials owing to their simple nature, ease of interpretation of the results using
Hertz-type analytical solutions and evolving average strain during indentation (Lawn, 1998). Nevertheless,
the analysis of spherical indentation test results obtained from experiments on thin hard ﬁlms bonded to
soft substrates is complicated owing to development of plastic yielding in the substrate. Indeed, this is
the most important factor, which aﬀects the indentation response of such systems.
The Hertz solution is applicable only at small indentation depths and is expected to be increasingly vio-
lated as the indentation depth h (or contact radius a) increases in relation to the ﬁlm thickness tf. Djabella
and Arnell (1992) and Li and Chou (1997) examined the contact stress ﬁeld arising due to spherical inden-
tation of an elastic coating bonded to an elastic substrate having a diﬀerent Youngs modulus. In the former
study, ﬁnite element analysis was performed by applying the Hertz pressure distribution on the coating sur-
face, whereas in the latter work, a semi-analytical solution was obtained using Hankel transforms. Both
studies show that the stresses in the ﬁlm depend strongly on the ratio a/tf of contact radius to ﬁlm thickness,
and the ratio Es/Ef of the Youngs modulus of the substrate to the ﬁlm. In a very recent work, Hsueh and
Miranda (2004) addressed the same problem and proposed an approximate analytical solution for deter-
mining the indentation depth and contact radius. It must be emphasized that an important drawback of
the above studies, which limits their applicability to practical coating–substrate systems, is the neglect of
plastic yielding in the substrate. Also, they assume a priori the nature of the surface pressure distribution
(which itself needs to be determined from a solution of the contact problem and may be a function of a/tf
and other parameters).
It has been recognized by several investigators (Ramsey et al., 1991; Lee et al., 1998; McGurk and Page,
1997) that with increase in plastic yielding in the substrate, the ﬁlm starts to experience bending and behaves
akin to a plate resting on an inelastic foundation. Thus, a transition from Hertz-type behaviour to one,
which is dominated by ﬂexure of the ﬁlm will occur beyond a certain stage of indentation. This is expected
to be inﬂuenced by several factors such as ﬁlm thickness, yield strength of the substrate, residual stresses,
etc. In addition, membrane stresses will arise in the ﬁlm at large indentation depths. The above noted tran-
sition from Hertz-type to bending dominant behaviour and onset of membrane stresses are expected to dis-
play characteristic imprints on the indentation load versus displacement curve. A thorough understanding
of these issues is pivotal to interpreting experimental observations. For example, fracture mode transition
from Hertz ring cracks forming around the indented zone on the ﬁlm surface to transverse circumferential
or radial cracks emanating upwards from the ﬁlm–substrate interface (Chai and Lawn, 2004), is tied to the
change in the mode of deformation of the ﬁlm.
Although some investigators (Fischer-Cripps et al., 1996; Weppelmann and Swain, 1996; Sriram et al.,
2003) have conducted ﬁnite element studies of contact stresses in ﬁlms bonded to elastic–plastic substrates,
several issues pertaining to the mechanics of indentation of such systems remain to be resolved. First, the
evolution of substrate plastic zone and contact radius needs to be understood. Secondly, the load versus
displacement curves and stress distribution in the ﬁlm should be studied so as to ascertain the range of
indentation depths over which diﬀerent physical processes (such as those noted above) dominate the behav-
iour of the ﬁlm–substrate system. This, in turn, will help in rationalizing the mechanics of fracture of hard
ﬁlms due to indentation (see Sampath and Narasimhan, 2005). Finally, the eﬀects of substrate yield strength
and presence of residual stresses on the indentation response need to be examined.
To this end, ﬁnite element simulations of spherical indentation of a thin hard ﬁlm bonded to an elastic–
plastic substrate are performed in this paper. A method for interpreting the load versus displacement curve
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mode to another, is evolved. The stress distribution in the ﬁlm is systematically examined over a wide range
of a/tf to corroborate the above observations. It is found that bending of the ﬁlm over the plastically yielding
substrate commences at a normalized contact radius a/tf  0.2–0.3. The ﬂexure of the ﬁlm has a profound
inﬂuence on the stress variation through the thickness as well as on the surface of the ﬁlm. Further, it is ob-
served that the presence of residual stress in the ﬁlm can signiﬁcantly aﬀect the indentation depth at complete
unloading. This can be exploited to determine the residual stress level from indentation tests.2. Mechanics of indentation of ﬁlm–substrate system
In this section, the mechanics of spherical indentation of a thin ﬁlm bonded to a plastically yielding sub-
strate is studied. Attention is focused on the plastic zone evolution, load versus displacement curves and
stress distribution in the ﬁlm.
2.1. Modeling aspects
In this work, a large deformation axisymmetric ﬁnite element analysis of spherical indentation of the
ﬁlm–substrate system is carried out using the general-purpose ﬁnite element code ABAQUS/Standard. It
is assumed that the ﬁlm is perfectly bonded to the substrate and the contact between the (rigid) indenter
and the ﬁlm is frictionless. The ratios of the radial dimension of the ﬁlm–substrate system and the substrate
thickness to the indenter radius, Rs/Ri and ts/Ri, are both taken as 75 so that boundary eﬀects do not inﬂu-
ence the stress distribution near the zone of indentation. Two ratios of ﬁlm thickness to indenter radius,
tf/Ri = 1.5 and 0.3 are considered, so that it is possible to closely examine the stress distribution in the
contact zone over a wide range of a/tf from 0.1 to 2 and h/tf up to 1. Further, it would enable understanding
how the magnitude of indentation load changes at a given h when the ﬁlm thickness is modiﬁed signiﬁcantly
(by a large factor of 5).
The ﬁnite element meshes used in the indentation analyses are comprised of four-noded isoparametric
quadrilateral elements and are gradually reﬁned from the outer boundary of the specimen towards the
indented zone. In Fig. 1(a) and (b), enlarged views of the region near the zone of indentation are presentedr/Ri
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Fig. 1. Enlarged view of the ﬁnite element mesh employed near the indented zone for the ﬁlm with (a) tf/Ri = 1.5 and (b) tf/Ri = 0.3.
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size about 0.01Ri are employed directly beneath the indenter. Thus, the above meshes have been designed
to accurately resolve the steep gradients in the contact stress distribution and also to provide reliable esti-
mates of the contact radius. Moreover, the substrate region is also modeled with good reﬁnement in order
to closely determine the shape and size of the plastic zone as well as to account for plastic dissipation accu-
rately. A mesh sensitivity study was performed to ensure that the results presented here are not aﬀected by
further reﬁnement of the mesh.
The ﬁlm is taken to be linear elastic, whereas J2 ﬂow theory of plasticity model is employed for the sub-
strate. The material properties are chosen to be representative of a ceramic ﬁlm on metal substrate (such as
TiN ﬁlm on steel). Thus, the ratio of the Youngs modulus of the substrate to that of the ﬁlm, Es/Ef, is taken
as 0.4. The Poissons ratios of the ﬁlm and substrate, mf and ms, are assumed as 0.2 and 0.3, respectively.
Further, the ratio of the tangent modulus to Youngs modulus, Ets/Es, of the substrate is chosen as 0.04.
The initial yield strain of the substrate is taken as ros/Es = 0.003 to represent an intermediate strength steel.
It must be noted that since a continuum analysis with homogeneous material properties is performed
here, the results obtained would depend only on the ratios of diﬀerent length dimensions and not on their
absolute values. Thus, for example, from the analytical solution for contact between a sphere and an elastic
half-space (Johnson, 1985), as well as from dimensional considerations, it may be expected that the load P
during indentation of a ﬁlm bonded to a soft substrate would have the following functional form:Fig. 2.
PlasticP ¼ EfR2i f
h
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;
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 
. ð1ÞIt should be mentioned that additional length scale considerations may be important at submicron thick-
nesses where localized strain gradients in the substrate may become dominant. In view of the above, all re-
sults are presented below in normalized form.
2.2. Plastic zone evolution
The development of plastic yielding in the substrate plays a central role in inﬂuencing the indentation
response of the ﬁlm–substrate system. Hence, the plastic zones in normalized coordinates (by the ﬁlm thick-
ness tf) at diﬀerent stages are ﬁrst shown in Fig. 2(a) for the ﬁlm with tf/Ri = 1.5. In the ﬁgure, the plasticrs/tf
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(a) Plastic zone shapes in normalized coordinates at diﬀerent h/Ri for ﬁlm with tf/Ri = 1.5 corresponding to ros/Es = 0.003. (b)
zone aspect ratio rpz/rpr as a function of h/tf for ﬁlms with two diﬀerent tf/Ri corresponding to ros/Es = 0.003.
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indentation depth, h/Ri, and contact radius a/tf, pertaining to these stages are indicated in the ﬁgure. It
can be observed from Fig. 2(a) that the plastic zone at small indentation depths is more elongated in the
radial as compared to the axial direction. It becomes hemispherical at later stages and ﬁnally becomes more
elongated in the axial direction. This issue pertaining to the shape of the plastic zone is investigated in
Fig. 2(b) which shows the aspect ratio of plastic zone extents in axial to radial direction, rpz/rpr, as a func-
tion of h/tf for ﬁlms with two tf/Ri ratios. It can be seen from this ﬁgure that that the plastic zone aspect
ratio for the thick ﬁlm increases from 0.6 at small h/tf to about 1.5 at h/tf = 0.4. Further, rpz/rpr for both
ﬁlm–substrate systems remains constant at around 1.5 for h/tf > 0.4. This implies that the substrate plastic
zone attains a self-similar shape beyond a certain stage of indentation. By contrast, it must be noted that the
expanding cavity model for indentation of an elastic–plastic half-space assumes a hemispherical plastic zone
(Johnson, 1985).
2.3. Load versus displacement response
The loading histories are plotted in Fig. 3(a) in terms of the normalized load, P=ðEfR2i Þ, versus normal-
ized indentation depth, h/Ri. Also, two unloading curves, starting from h/Ri = 0.3 and 0.6 are shown in the
ﬁgure. As already mentioned, at small indentation depths, the P–h response is expected to be Hertzian, in
the sense that P  h3/2 (Johnson, 1985). With the development of plastic yielding in the substrate, the ﬁlm
starts to experience bending deformation. By approximating the response of the substrate as an elastic
foundation and using the equations from circular plate theory (Timoshenko and Winowsky-Kreiger,
1959) for the ﬁlm, Ramsey et al. (1991) derived an expression relating the load to displacement. This
approximate theory shows that the load should increase linearly with displacement (which is an outcome
of treating the foundation as linear elastic). More importantly, it suggests that for a given indentation
depth, h, the load should scale with tf. However, in the present context, the substrate exhibits elastic–plastic
behaviour. Hence, it is important to examine from the ﬁnite element results shown in Fig. 3(a), the range of
indentation displacement corresponding to various modes of deformation of the ﬁlm–substrate system.
This will enable interpretation of the stress variations in the ﬁlm (see Section 2.4) which are responsible
for its fracture behaviour.
To this end, variations of the type P  khs (where k and s are two constants) were ﬁrst ﬁtted to the load-
ing portions of the P versus h curves shown in Fig. 3(a). The results for s corresponding to diﬀerent rangesh/Ri
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Fig. 3. Eﬀect of ﬁlm thickness on indentation response of ﬁlm–substrate system. (a) Normalized load versus displacement curves, (b)
normalized dP/dh versus h curves in log–log scale. The points marked by ﬁlled circles signify transition from contact mode of
deformation whereas those marked by ﬁlled triangles indicate the onset of stiﬀening due to membrane stresses.
Table 1
Exponent s obtained from ﬁtting curves of type P  khs corresponding to various ranges of indentation depth for ﬁlms with
ros/Es = 0.003 and tf/Ri = 1.5 and 0.3
h/Ri tf/Ri = 1.5 tf/Ri = 0.3
h/tf a/tf s h/tf a/tf s
0.00–0.008 0.00–0.005 0.00–0.06 1.49 0.00–0.025 0.00–0.28 1.41
0.008–0.015 0.005–0.01 0.06–0.08 1.47 0.025–0.05 0.28–0.38 1.24
0.015–0.08 0.01–0.05 0.08–0.18 1.41 0.05–0.25 0.38–0.69 0.94
0.08–0.15 0.05–0.10 0.18–0.23 1.25 0.25–0.50 0.69–0.93 0.89
0.15–0.30 0.10–0.20 0.23–0.29 1.08 0.50–1.00 0.93–1.30 0.98
0.30–0.60 0.20–0.40 0.29–0.36 0.95 1.00–2.00 1.30–1.83 1.17
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egorized in terms of both h/tf and a/tf. It is clear from this table that, as expected, at small indentation
depths, the exponent s is close to 1.5. The departure from this contact dominated response (with s decreas-
ing substantially below 1.5) occurs when h/tf  0.05 (or, a/tf  0.2) for the thick ﬁlm, and when h/tf  0.025
(or, a/tf  0.3) for the thin ﬁlm. The ratio of contact radius to ﬁlm thickness, a/tf, is a better measure for
signifying the onset of plate bending behaviour and the above results indicate that this happens at a value
between 0.2 and 0.3. On examining the values of s for the thin ﬁlm in Table 1, it can be seen that it decreases
to about 0.9 at h/tf = 0.5 and thereafter increases. This implies onset of stiﬀening in the load–displacement
response of the system and is caused by development of membrane stresses, which will be conﬁrmed later
from the stress distribution in the ﬁlm.
The transition in deformation mode of the ﬁlm–substrate system can be alternatively examined using a
log–log plot of dP/dh versus h as shown in Fig. 3(b). The initial part of this plot is a straight line with slope
around 0.5, which is the contact dominant (or Hertzian) regime. This is followed by the bending dominant
regime wherein the slope of the log–log plot of dP/dh versus h decreases progressively and remains close to
zero. In other words, the above curve becomes almost ﬂat. Finally, the development of membrane stresses
causes it to increase again (see Fig. 3(b)). Fig. 3(b) conﬁrms that the departure from Hertzian behaviour
commences when h/tf = 0.05 and 0.025 for the thick and thin ﬁlms, respectively (see points marked by ﬁlled
circles on the two curves). Further, both systems display onset of membrane stresses for h/tf greater than
about 0.5 (see points indicated by ﬁlled triangles on the curves in Fig. 3(b)).
It can be observed from the P–h curves displayed in Fig. 3(a) that the response of the ﬁlm–substrate sys-
tem becomes signiﬁcantly more compliant as the ﬁlm thickness is reduced. Thus, the normalized indenta-
tion load, P=ðEfR2i Þ, decreases from 0.125 to 0.03 at h/Ri = 0.3 as tf/Ri is reduced from 1.5 to 0.3. Further,
Fig. 3(b) shows that dP/dh in the bending dominant region (portion of the curve between the ﬁlled circle
and triangle) is around 4–5 times larger for the thick ﬁlm. Thus, the present ﬁnite element results support
the contention of Ramsey et al. (1991) that the load will scale almost linearly with tf when the bending mode
of deformation dominates. Finally, it must be noted that the unloading curves displayed in Fig. 3(a) diﬀer
from the loading curves, which is attributed to the development of plastic yielding in the substrate.
2.4. Stress distribution in the ﬁlm
In this section, the stress variations in the ﬁlm are examined. The main objective is to understand the
relative inﬂuence of the localized contact ﬁeld and that caused by bending of the ﬁlm on the prevailing stres-
ses. Another related issue that is addressed is the development of membrane stresses at large h/tf.
In Fig. 4(a)–(d), the variations of normalized radial stress rrr/pm, where pm = P/(pa
2) is the mean contact
pressure, with normalized distance jzj/tf through the ﬁlm thickness are presented corresponding to a/tf of
0.15, 0.3, 0.7 and 1.3, respectively. In each ﬁgure, stress distributions at three radial distances, r/a = 0, 1 and
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Fig. 4. Variation of radial stress normalized by mean contact pressure pm through the ﬁlm thickness at (a) a/tf = 0.15, (b) a/tf = 0.30,
(c) a/tf = 0.70 and (d) a/tf = 1.30, corresponding to ros/Es = 0.003.
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the Hertz contact ﬁeld (Johnson, 1985). Thus, on the ﬁlm surface (z = 0), it has a large negative value at the
axis (i.e., at r/a = 0) and changes over to tensile as r/a increases beyond 1. Along the axis, it decays rapidly
in magnitude with increase in subsurface depth and become negligible for jzj/tf > 0.2. On the other hand,
outside the contact zone, rrr changes sign to compression at a small subsurface depth, reaches a peak, and
then decays in magnitude with further increase in jzj/tf.
At a/tf = 0.3, it can be seen from Fig. 4(b) that a tensile radial stress prevails as the ﬁlm–substrate inter-
face is approached (in particular, for jzj/tf > 0.5). This is a clear outcome of onset of bending of the ﬁlm
(which is non-existent in Fig. 4(a) at a/tf = 0.15). Similar trends are exhibited by the circumferential stress
as well. Thus, the stress variations corroborate the earlier observation based on P–h curve that the ﬁlm
starts to experience bending at a/tf  0.2–0.3. It can be noticed from Fig. 4(c) and (d) that as a/tf increases
further the rrr variation along the indenter axis (r/a = 0) becomes almost linear with compression at the top
surface and tension at the interface. This signiﬁes the strong inﬂuence caused by bending of the ﬁlm.
Fig. 4(c) shows that while at a/tf = 0.7, rrr along the indentation axis change sign at about jzj/tf = 0.5,
the magnitude of the compressive stress at the ﬁlm surface is more than the tensile value at the interface.
This is due to the inﬂuence of the local contact ﬁeld (albeit, small as compared to Fig. 4(a) and (b)) which
aﬀects the global bending stress distribution near the contact zone.
As a/tf increases to 1.3, the inﬂuence of membrane stresses on the thickness distribution of rrr is evident
from Fig. 4(d). Thus, it can be observed from this ﬁgure that the radial stress variation along the axis is
perfectly linear and changes sign at a smaller jzj/tf of 0.4, instead of at 0.5 as expected on the basis of linear
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sive stress on the indentation axis at the top surface is less than the tensile value at the lower surface, which
is opposite to the observation made earlier from Fig. 4(c). This implies that the inﬂuence of the contact ﬁeld
on the stress distribution is minimal in Fig. 4(d). On the other hand, the membrane stresses act in conjunc-
tion with the global bending ﬁeld close to the indentation axis.
In Fig. 5(a) and (b), the variations of transverse shear stress, srz/pm, through the ﬁlm thickness are shown
at a/tf = 0.15 and 0.7, respectively. It can be seen from Fig. 5(a) that the shear stress variation at small a/tf is
dominated by the contact ﬁeld (Johnson, 1985). Thus, srz increases to a peak value at jzj/tf between 0.08 and
0.18, and thereafter progressively reduces in magnitude. By contrast, it can be observed from Fig. 5(b) that
the shear stress distribution through the ﬁlm thickness is more gradual at a/tf = 0.7, reaching a peak value
between jzj/tf = 0.3 and 0.5. It resembles the parabolic variation predicted by the elasticity solution for a
transversely loaded circular plate (Timoshenko and Goodier, 1970).
In Fig. 6(a), the normalized radial stress variations on the ﬁlm surface are shown as functions of normal-
ized distance r/a from the indentation axis corresponding to a/tf = 0.15 and 0.9. The surface radial stress
distribution at a/tf = 0.15 is representative of the Hertzian contact ﬁeld. This is evident from the large com-
pressive stress prevailing at the indentation axis which decreases in magnitude as the edge of contact is ap-
proached (i.e., as r/a! 1). A sharp tensile peak may be perceived just outside the edge of contact. By|z|/tf
τ r
z/p
m
a/tf = 0.15
0 0.2 0.4 0.6 0.8 10
0.1
0.2
0.3
0.4
  r/a
  0.5
  1.0
  1.5
|z|/tf
τ r
z/p
m
a/tf = 0.70
0 0.2 0.4 0.6 0.8 10
0.1
0.2
0.3
0.4
0.5
  r/a
  0.5
  1.0
  1.5
a b
Fig. 5. Variation of srz/pm through the ﬁlm thickness at various radial locations for (a) a/tf = 0.15 and (b) a/tf = 0.70 corresponding to
ros/Es = 0.003.
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Fig. 6. Variation of (a) radial stress along the ﬁlm surface and (b) radial and circumferential stresses along the ﬁlm–substrate interface.
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diﬀuse nature when a/tf = 0.9.
In order to understand the above trends displayed by the variation of rrr on the ﬁlm surface at large a/tf,
it is necessary to examine similar stress distributions at the ﬁlm–substrate interface. Such plots of rrr/pm and
rhh/pm corresponding to a/tf = 0.9 are presented in Fig. 6(b). The tensile radial and circumferential stresses
at the indentation axis are signiﬁcant owing to the plate-like ﬂexure behaviour of the ﬁlm. As r/a increases,
both rrr and rhh decrease, with the former changing sign at r/a around 1.6. This implies that the bending
moment (per unit length)Mr acting on circumferential sections of the ﬁlm (see Timoshenko and Winowsky-
Kreiger, 1959) changes sign at r/a  1.6. However, although rhh (or, the bending moment Mh acting on
diametral sections of the ﬁlm) decays rapidly with distance from the indentation axis, it continues to remain
positive (see Fig. 6(b)).
The above noted change in sign of Mr inﬂuences the variation of rrr on the ﬁlm surface outside the edge
of contact in Fig. 6(a). Thus, ﬂexure induced tensile radial stress prevails on the ﬁlm surface outside the con-
tact zone as seen in this ﬁgure. In fact, on comparing the rrr distributions on the ﬁlm surface and the inter-
face (Fig. 6(a) and (b)), it can be noted that they are quite similar in the range from about r/a = 1.6 to 4,
except for the reversal of sign. Thus, it is ﬁrmly established that the diﬀuse tensile peak in rrr variation out-
side the contact zone on the surface of the ﬁlm at large a/tf is an outcome of plate-like ﬂexure eﬀect (due to
behaviour of the bending moment Mr).
The above discussion has a direct bearing on the nature of circumferential cracks that form outside the
contact zone during spherical indentation as observed in the works of Fischer-Cripps et al. (1996) and Lee
et al. (1998). Thus, at small a/tf (say, less than 0.3), classical Hertz ring cracks driven by the tensile radial
stress are expected to initiate just outside the edge of contact and, perhaps, their propagation path will also
be governed by the contact ﬁeld. On the other hand, at large a/tf (say, greater than about 1), circumferential
cracks will form well outside the contact zone (with radius of about 1.5a to 4a) and their mechanics will be
inﬂuenced by plate-like ﬂexure behaviour of the ﬁlm and not by the contact stress ﬁeld. For example, an
important diﬀerence between the two can be noticed by comparing the through thickness variation of
rrr outside the contact zone in Fig. 4(a) and (d). In particular, while the curve pertaining to r/a = 1.5 in
Fig. 4(a) shows that it becomes compressive at small subsurface depth, the similar curve in Fig. 4(d) indi-
cates that the tensile nature of rrr persists for larger depths. This can inﬂuence the path traced by the crack
through the ﬁlm thickness.
Finally, the development of strong tensile rrr and rhh adjacent to the interface can promote the initiation
of circumferential (or ring) and median (or radial) cracks, as has been reported in numerous experimental
studies (for example, by Lee et al., 1998). In a very recent work, Sampath and Narasimhan (2005) have
analyzed the mechanics of fracture of the ﬁlm due to occurrence of such cracks and, in particular, the role
of the substrate yield strength on the stability of crack propagation.
Since the results presented in this section underscore the importance of substrate plasticity in inﬂuencing
the indentation mechanics, the eﬀects of substrate yield strength and residual stresses (both of which aﬀect
the development of substrate plastic zone) are examined in the following sections.3. Eﬀect of substrate yield strength
In order to study the eﬀect of substrate yield strength on the indentation mechanics, three values of ini-
tial yield strain of the substrate, ros/Es = 0.001, 0.003 and 0.009 are considered in this section. Attention is
restricted to tf/Ri = 1.5. The modeling aspects are similar to those outlined in Section 2.1.
In Fig. 7, the inﬂuence of the substrate yield strength on the indentation load versus displacement re-
sponse is depicted. This ﬁgure shows that at a given normalized load level, the indentation depth increases
dramatically with reduction in ros/Es. For example, at P=ðEfR2i Þ ¼ 0.15, h/Ri increases from 0.29 to 0.48 as
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Fig. 7. Eﬀect of substrate yield strain (ros/Es) on the indentation load–displacement curve for the ﬁlm with tf/Ri = 1.5.
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reduction in substrate yield strength. Also, an analysis using plots similar to Fig. 3(b) shows that onset of
bending of the ﬁlm occurs at smaller h/tf as ros/Es decreases.
The eﬀect of substrate yield strength on the contact radius evolution is presented in Fig. 8. Also plotted
in this ﬁgure is the variation based on the Hertz solution for spherical indentation of an elastic half-space
which is given by a=Ri ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h=Ri
p
. It can be seen from Fig. 8 that at very low indentation depths, the contact
radius evolution follows the Hertz variation (since the ﬁlm–substrate system responds like an elastic half-
space). With increase in h/Ri, the contact radius becomes lower than that given by the Hertz solution. In
order to understand the above behaviour, it must be ﬁrst noted that the contact radius is determined from
the equation (Johnson, 1985):Fig. 8.
h/Ri foh uzða; 0Þ ¼ Ri 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2i  a2
q
; ð2Þwhere uz(a, 0) is the axial displacement of the ﬁlm surface at the edge of contact (taken to be positive down-
ward here). For small a/Ri, the right hand side of the above equation, may be approximated by a
2/(2Ri).
Secondly, with the development of plastic yielding in the substrate, the ﬁlm starts to experience bending
deformation. This happens earlier (i.e., at smaller h/Ri) for a substrate with lower yield strength and causesh/Ri
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Eﬀect of substrate yield strain (ros/Es) on the evolution of normalized contact radius a/Ri with normalized indentation depth
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Fig. 9. Eﬀect of substrate yield strain (ros/Es) on the variation of normalized radial stress (rrr/Ef) through the ﬁlm thickness along the
indentation axis at P=ðEfR2i Þ ¼ 0.15 corresponding to the ﬁlm with tf/Ri = 1.5.
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according to Eq. (2). Thus, at a given h/Ri, the contact radius reduces as ros/Es decreases.
The inﬂuence of substrate yield strength on the thickness variation of the radial stress rrr/Ef along the
indentation axis (r/a = 0) at a normalized load level of P=ðEfR2i Þ ¼ 0.15 is shown in Fig. 9. It can be seen
from this ﬁgure that near the ﬁlm surface, where the contact ﬁeld dominates, the substrate yield strength has
a negligible eﬀect on (the highly compressive) rrr. By contrast, its inﬂuence is prominent in the lower half of
the ﬁlm which experiences larger ﬂexure induced tensile stress when ros/Es decreases. This is particularly
pronounced as the interface is approached.4. Eﬀect of residual stresses
The eﬀect of residual stress in the ﬁlm on the indentation mechanics is examined in this section. To this
end, a uniform biaxial compressive mismatch stress of magnitude 0.017Ef (which is close to experimental
data reported by Matsue et al. (1999) for TiN ﬁlms) was initially applied in the ﬁlm having tf/Ri = 1.5
and the corresponding equilibrium ﬁeld was determined. This resulted in a biaxial residual compressive
stress rR of magnitude about 0.015Ef in the ﬁlm and tensile stress of around 0.0013Ef in the substrate adja-
cent to the interface. The latter is close to the substrate yield strength ros assumed in these computations
(which is 0.003Es). Further the above equilibrium stresses in the ﬁlm and substrate match well with the
equations given by Freund and Suresh (2003).
The presence of biaxial tensile residual stresses in the substrate (adjacent to the interface) after attain-
ment of equilibrium enhances the von Mises equivalent stress and causes early yielding (see Swadener
et al., 2001). This can be understood from Fig. 10 which shows the evolution of normalized axial plastic
zone extent in the substrate. It can be seen from this ﬁgure that even at small indentation depths, the plastic
zone size for the system with residual stress is signiﬁcantly larger than that with rR = 0. At h/Ri = 0.30,
rpz/tf increases from 4 to 6 due to the presence of tensile residual stresses in the substrate. This is analogous
to lowering the substrate yield strength. The contact radius evolution due to the presence of tensile residual
stresses in the substrate is also found to be akin to reducing ros (see Fig. 8).
In Fig. 11(a), the inﬂuence of residual stress on the indentation load versus displacement response is de-
picted. It can be observed from this ﬁgure that the initial phase of the P–h curve, which is dominated by the
Hertz behaviour, is not inﬂuenced by the presence of residual stresses in the ﬁlm. However, as the inden-
tation depth increases, the two curves in Fig. 11(a) start to deviate indicating that the system with residual
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Fig. 10. Eﬀect of residual stresses in the ﬁlm (rR/Ef) on the normalized plastic zone extent in the axial direction as a function of
normalized indentation depth h/Ri.
h/Ri
P/
(E
fR
i2 )
0 0.1 0.2 0.3 0.4 0.5 0.60
0.05
0.1
0.15
0.2
0.25
σR/Ef =       0.0
σR/Ef = –0.015
h
m
/Ri
h r
/h
m
0 0.1 0.2 0.3 0.4 0.5 0.60
0.1
0.2
0.3
0.4
σR/Ef =       0.0
σR/Ef = –0.015
a b
Fig. 11. Eﬀect of residual stresses in the ﬁlm (rR/Ef) on (a) the indentation load–displacement curve and (b) variation of the ratio of
residual to maximum indentation depth, hr/hm, with hm/Ri.
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rR/Ef changes from 0 to 0.015.
The ratio of indentation depth at complete unloading to the maximum value prevailing at start of
unloading, hr/hm, is plotted as a function of hm/Ri in Fig. 11(b). This is a measure of the ratio of plastic
dissipation in the substrate to the work of indentation. It must be mentioned here that the elastic modulus
extracted from the initial slope of the unloading curve computed from ﬁnite element analysis has been
shown to match well with actual values for bulk materials by several investigators (see, for example, Bhat-
tacharya and Nix, 1988; Patnaik et al., 2004).
It can be seen from Fig. 11(b) that the residual depth after complete unloading increases due to the pres-
ence of tensile residual stress in the substrate. The magnitude of hr/hm at h/Ri = 0.08 is about 0.1 for the
residually stressed ﬁlm–substrate system, whereas it is negligible for that with rR = 0. At h/Ri = 0.3, hr/hm
increases to about 0.27 for rR/Ef = 0.015 whereas it is about 0.125 for the system with no residual
stresses. The inﬂuence of residual stress on hr provides a means for measuring it from experimental inden-
tation data. Indeed, Swadener et al. (2001) have applied this concept to accurately determine rR for bulk
materials. A similar experimental technique for ﬁlm–substrate systems can be developed by correlating hr
with rR using plots like Fig. 11(b).
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The following are the important conclusions of this work.
1. The plastic zone attains a self-similar shape with aspect ratio, rpz/rpr of about 1.5 for h/tf > 0.4. This is in
contrast to the expanding cavity model for indentation of an elastic–plastic half-space which assumes a
hemispherical plastic zone (Johnson, 1985).
2. From analysis of indentation load–displacement curves, it is found that transition from Hertz-type (or
contact dominant) behaviour to one governed by ﬂexure of the ﬁlm commences at a/tf  0.2–0.3. Fur-
ther, for h/tf > 0.5, there is a sudden stiﬀening in the P–h response owing to development of membrane
stresses in the ﬁlm.
3. The indentation load scales almost linearly with ﬁlm thickness in the bending dominant region which is
consistent with the prediction of the simple model based on plate on elastic foundation proposed by
Ramsey et al. (1991). Also, the ﬁlm–substrate system becomes much more compliant with reduction
in substrate yield strength or by presence of compressive rR in the ﬁlm (i.e., tensile in the substrate).
In general, the eﬀect of the latter is qualitatively similar to the former, due to enhancement in von Mises
equivalent stress in the substrate.
4. The stress variations in the ﬁlm at small a/tf are characteristic of the Hertz contact ﬁeld. However, for
a/tf > 0.3, tensile rrr (and rhh) develop in the lower half of the ﬁlm due to bending. These elevate in mag-
nitude (at a given load) with reduction in substrate yield strength. Thus, ros is an important parameter
that should aﬀect the behaviour of ﬂexure induced transverse cracks (Lee et al., 1998; Sampath and
Narasimhan, 2005).
5. The stress distributions at large a/tf are fully dominated by the bending ﬁelds with almost linear variation
of rrr (and rhh) through the ﬁlm thickness. Also, the variation of rrr on the ﬁlm surface shows a diﬀuse
peak well outside the contact zone which contrasts with the sharp peak that forms at r/a  1.1 when a/tf
is small. This can inﬂuence the formation of ring cracks on the ﬁlm surface. Finally, strong membrane
stresses arise for h/tf > 0.5 which corroborates with the observation based on the P–h curve.
6. The ratio of residual depth at complete unloading to the maximum value at the start of unloading, hr/hm,
evolves in a manner similar to the substrate plastic zone size. There is an appreciable eﬀect of rR on this
ratio, which can be exploited to determine the residual stress in the ﬁlm from indentation tests.References
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